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Abstract: In this paper, we establish and employ a local framework to the first order of Riemann’s
curvature tensor in order to develop the corresponding coordinate non commutativity into general
manifolds. We also exploit a new translation of function at the level of quantum mechanics to
show that the final correlation result of the generalized non commutativity is a mixture of the
Canonical and Quadratic formalisms and does not consist only of the Lie algebraic formalism. The
basic premise of this article is that the geometry of a four-dimensional pseudo Riemann manifold
representing space time, is homeomorphic to Minkowski space time.
PACS numbers: 03.67.Mn, 73.23.-b, 74.45.+c, 74.78.Na
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INTRODUCTION
Continuous space time makes available short distances.
Today, there are indications that at very short distances
we might have to go beyond differential manifolds. Nowa-
days, we can formulate the fundamental laws of physics,
consisting of field theory, gauge field and the theory of
gravity on differentiable manifolds. This is only one of
the several issues that we confront in relation to changes
in physics for very short distances[1–4]. Physics data has
forced us to admit of change in the conception of space
time for very short distances and introduce non commu-
tative coordinates [3–8]. We define a non commutative
space by replacing the local coordinates yµ of RD+1 with
hermitian operators yˆµ obeying the commutation rela-
tions:
[yˆµ, yˆν ]⋆ = ω
µν(yˆ, t), (1)
in addition to the standard relations: [yˆµ, pˆν ] = ıδµν and
[pˆµ, pˆν ] = 0.Where yˆ and pˆ stand for the coordinates and
momentum operators, respectively. ω(yˆ, t) is a real, anti-
symmetric four dimensional matrix. Here, the Latin and
Greek indices run from 1 to 3 and 0 to 3, respectively. An
important special case of the non commutativity (with-
out time contribution) is as follows [1, 4, 9–11]:
[yˆk, yˆl]⋆ = ıθ
kl, (2)
where θkl =


0 0 0 0
0 0 θ12 θ13
0 θ21 0 θ23
0 θ31 θ32 0

 is a constant and real
tensor. Of course, there are famous structures of non
commutativity such as: the Lie algebraic [yˆk, yˆl]⋆ =
ıθklmyˆ
m and Quadratic formalisms [yˆk, yˆl]⋆ = ıθ
kl
mnyˆ
myˆn
where θklm and θ
kl
mn are constant structures. The formu-
lation of physical theories on non commutative spaces
is constructed by a very simple role, namely, replacing
the ordinary products between quantities with a new
product, the so-called ⋆ product named by Moyal-Weyl
[3, 4, 9],
f(yˆ)g(yˆ) = f(y) ⋆ g(y) = f(y)e
ı
2
∂
←
µθ
µν∂
→
νg(y), (3)
where ∂α =
∂
∂yα
. We emphasize that the set of coor-
dinates without the symbol hat such as ”y” are com-
mutable coordinates.
In this article, the canonical non commutativity can
readily be reformulated to apply to general pseudo Rie-
mann manifolds. In order for the above ideas to materi-
alize, it is necessary to employ localized homomorphism
between pseudo Riemannian manifolds. Locally, the ac-
cessibility of ωij → θij follows from the theory of gen-
eral relativity. Assuming that the equivalence principle
holds, special relativity is available in the presence of a
gravitational field. In fact, one can always construct lo-
cal inertial frames at a given event belonging to space
time, in which free particles would move along straight
lines. In such frames, the components of the metric ten-
sor can be expanded in terms of Riemann’s tensors. If
ηµν = (−1, 1, 1, 1), then the components of the metric
and the relevant affine connections (Christoffel multipli-
ers) are given by,
gαβ = ηαβ +
1
3
Rαµβνy
µyν , (4)
and
Γµαβ =
1
3
ηµν(Rβǫνα +Rνβαǫ)y
ǫ, (5)
where raising of the localized Lorentz indices are done
with Eqs.(4)[12, 13]. The coordinate system of such a
frame are called Riemann’s normal coordinates [14–18].
It can be seen that up to the first order of θ, Eq.(4)
and Eq.(5) will remain unchanged for a non commuta-
tive framework. A common tool for all approximated
methods is to work with local coordinates. That is, the
validity of the above statements is limited to the non
covariant observer.
2PRESENTATION OF THE THEORY
In this article, we suppose that all the employed func-
tions are smooth and C∞ and the hat symbol is used for
the non commutative coordinates and operators. Here,
we can represent an unusual interpretation of the basic
vectors by
< y | e−ı apˆy =:< y˜ |
Therefore, at the quantum mechanical level, the basic
vectors can have an unusual operational role. The main
purpose of our work is to investigate the validity of n-
dimensional translation operators Tˆ. The compact form
of a well-defined set of the second class of translators will
be (Ref.[19]),
Tˆ(Λ; Ω) = e−ıΛΩ·pˆ. (6)
Ω is a somewhere where Λ as a function of position is
small. Particularly, if y ∈ ∂Ω, then Λ(y) = 0. The evo-
lution of the states occurs within the Heisenberg compre-
hensive formula;
Tˆ†(y)Ψ(0)Tˆ(y) = Ψ(y), (7)
in which Tˆ(y) as a translation operator is very famous in
quantum literature. So, we need to introduce the Heisen-
berg picture which refers to the second class of translators
(Eq.(6)). In the simple case, Eq.(6) has been assembled
by:
Tˆ(y) = e−ıy·pˆ. (8)
IMPORTATION OF STAR PRODUCT
In this section, we derive the ⋆-product for the non
commutative framework in Minkowski space time. In the
special case of non commutativity, we only consider the
case of [yˆ1, yˆ2] = ıθ. However, for the case of ωij = 0,
we have Tˆ1(y)Tˆ2(y) = Tˆ2(y)Tˆ1(y). But, this is not
always true and its validity is questioned by Eq.(1). So
that, Eq.(2) provides a set of arranged-ordered transla-
tors Obviously, ωµν is the cause of the arrange-ordered
translators. Generally,
Tˆ1(yˆ)Tˆ2(yˆ) 6= Tˆ2(yˆ)Tˆ1(yˆ). (9)
Substituting, the unit operator in the non commutative
framework, the key point of this paper appears which is
to transfer the magnitude condition of Λ(yˆ) to the limits
of integration. That is,
Tˆ(Λ; Ω) = e−ıΛΩ·pˆ = e−
∫
Ω
dvˆ|yˆ>Λ(yˆ)·∇<yˆ|. (10)
It is clear that Λ(yˆ; Ω) itself consists of the necessary in-
formation of translation and should still be very small,
whereas on the right side of Eq.(10), Λ(yˆ) does not con-
sist of information and the information of translation
has been delivered to the limits of integration. In other
words, the direct responsibility of Λ(yˆ; Ω) can be reduced
by integration. Clearly, arrange-ordered translators sat-
isfy the cumulative properties. That is, Eq.(10) is true.
We distinguish the momentum operators belonging to
the Hilbert and Dual space, by introducing: ←−p = −pˆ
QM
and −→p = pˆ
QM
. Now, In the neighborhood of Ω, we can
introduce:
−→
wˆ(Λ; Ω) = ΛΩ ·
−→
pˆ ,
and
←−
wˆ(Λ; Ω) =
←−
pˆ ·ΛΩ, (11)
Substituting matrix elements of < xˆ | −→p i | yˆ >=
−ıδ,xˆi(xˆ− yˆ) and < xˆ |
←−p i | yˆ >= ıδ,yˆi(xˆ− yˆ) into
Eq.(11), (11) becomes
< xˆ |
−→
wˆ(Λ; Ω) | yˆ >= −ıΛi(xˆ; Ω)δ,xˆi(xˆ− yˆ),
< xˆ |
←−
wˆ(Λ; Ω) | yˆ >= ıδ,yˆi(xˆ− yˆ)Λ
i(yˆ; Ω). (12)
In this way, we show that the second class of the trans-
lators can be enabled to make Eq.(3).
Derivation of the ⋆-product: In order to derive
explicit expressions for the ⋆-product, we can refer to the
Heisenberg picture. If, Tˆ(Λ; Ω) = e−ı
−→
wˆ(Λ;Ω), then Eq.(7)
and the translation operator provided that,
Tˆ†(yˆ; Ω)h(yˆ0)Tˆ(yˆ; Ω)Tˆ
†(yˆ; Ω)f(yˆ0)Tˆ(yˆ; Ω)
= h(yˆ0, yˆ)f(yˆ0, yˆ) |Ω, (13)
with assumption Λ = yˆ and the validity of the above
statement is limited to Ω. Thus, every displacement
on the non commutative pseudo Riemann manifolds is
strongly dependent on the commutation relations given
by Eq.(1). Therefore, the advent of a non trivial operator
is inevitable. The central operator can be represented as,
⋄Ω =
←−
Tˆ(Λ; Ω)
−→
Tˆ(Λ; Ω). (14)
Specifically, we will follow ”⋄Ω” in the case of non com-
mutativity which lies on the xoy−plane.
Lemma- The ⋄Ω enables us to create Eq.(3).
Proof- We note that the second class of the trans-
lators up to the first order of θ, obey the equation:
(e−ı
−→
wˆ(Λ;Ω))† = eı
←−
wˆ(Λ;Ω) therefore, we can state the fol-
lowing:
⋄Ω = e
ı
←−
wˆ(Λ;Ω)e−ı
−→
wˆ(Λ;Ω). (15)
By dropping the redundant indices, the above equation
consists of: [
←−
wˆ ,
−→
wˆ ] =
←−
wˆ
−→
wˆ −
−→
wˆ
←−
wˆ , in which the second
term should to be clarified. In order to explain the second
term, we can show,
[
←−
wˆ ,
−→
wˆ ] =←−p j [Λ
j ,Λi]⋆
−→p i +R.S, (16)
3in which R. S is the sentences which do not contain θ.
Thus, Eq.(15) becomes
⋄Ω = e
ı
←−
wˆ(Λ;Ω)−ı
−→
wˆ(Λ;Ω)+ 1
2
[
←−
wˆ(Λ;Ω),
−→
wˆ(Λ;Ω)]
= eΛ
i
Ω,i+
1
2
←−
pˆ j [Λ
j
Ω
,Λi
Ω
]⋆
−→
pˆ i+R.S . (17)
Subsequently, to obtain the ⋆-product, we can take ΛiΩ =
yˆi; i = 1, 2 and Ω as a neighborhood of the origin. In
this way, Eq.(17) gives:
⋄Ω = exp{δ
i
i +
1
2
∫
Ω
∫
Ω
dnxˆdnyˆdnzˆ | xˆ >
×δ,xˆi(xˆ− yˆ)[yˆ
i, yˆj ]δ,zˆj (yˆ − zˆ)) < zˆ | +R.S}. (18)
But, for a small Ω, Ω is locally homomorphic to the
pseudo Riemann manifolds. This allows us to employ
Eq.(2). Therefore, assuming
lim
Ω→0
[yˆi, yˆj ]⋆ ∼ θ
ij
and up to the first order of the small parameters, ⋄Ω
reduces to the ⋆-product and Eq.(18) will be an analog of
the Moyal-Weyl mapping. However, obtained inevitable
operator contains of two different parts which one could
contribute to star product. Thus, up to the first order of
θ, the initial star product; ⋆initial (referred to ⋄Ω(θ)) is as
follows:
⋆initial = e
ı
2
θij
∫
Ω
∫
Ω
dnxdny |x>
←−
∂
∂xi
δ(x−y)
−→
∂
∂yj
<y|
.
(19)
Integration can be removed by refunding information to
the transition function. In this case and for a neighbor-
hood of the origin, Eq.(19) can be written in the momen-
tum representation as the operator:
⋆initial = e
ı
2
←−p iθ
ij−→p j . (20)
So, our conclusions leads us to the canonical non com-
mutativity,
[yˆi, yˆj ]⋆ = ıθ
ij 1ˆ. (21)
Another Minkowski space time
We now generalize the previous process for a space time
other than the Minkowski space time. Since, in quantum
mechanics, the time coordinate does not manifest in the
role of operator, ”time” does not contribute to coordinate
non commutativity. However, from the Heisenberg pic-
ture, we can introduce time dependent vectors: | y; t >.
We also assume that all the operators and vectors will be
defined at time ”t”. This means that, with good approx-
imation, we can suppose that the framework is falling
along a geodesic G of space time. In Riemann’s normal
coordinates, each space-like hypersurface of constant ”t”
is normal to this geodesic and contains the set of space
like geodesics normal to G. The time ”t” of an event in
a hypersurface is the proper time along G at which the
every point intersects the hypersurface [12, 13]. Conse-
quently, the unit operator is made in compliance with the
principle of symmetrically:
1ˆ(t) =
∫
dn−1y | y; t >
√
−g(y; t) < y; t | . (22)
Without loss of generality, we can replace ” | y, t > ” with
” | y > ” which is a symbolic notation. In addition, by
introducing dny = dn−1y dt δ(t− t´), the unit operator
becomes:
1ˆ =
∫
dny | y >
√
−g(y) < y | . (23)
According to Ref.[19] and in commutative algebra, the
generalized momentum operator, Πˆ is given by:
< x | Πˆk | y >=
−ı
∂
∂xk
δ(x, y)−
ı
4
( ∂
∂xk
ln (−g(x))
)
δ(x, y), (24)
with,
< x | y >= δ(x, y) =
δ(x − y)√
−g(x)
. (25)
Eq.(25) is not always true and its validity is questioned
by Eq.(1). For non commutative coordinates, we can
generalize the rotation rule as:
√
−g(xˆ) δ(xˆ, yˆ) = δ(xˆ− yˆ) = δ(xˆ, yˆ)
√
−g(yˆ).
(26)
Also, in commutative algebra, ∂µ(−g(y))
1
2 =
(−g(y))
1
2Γααµ(y) and the metric functions obey:
g(y)g−1(y) = 1 [20]. One can see that the cor-
responding non commutative version of the metric
functions obeys the same equation: g(yˆ)g−1(yˆ) = 1,
because we can ignore (Γααk)
2 in
g(yˆ)g−1(yˆ) = g(y)g−1(y) +
ı
2
θijΓαiαΓ
β
jβ + ...,
therefore, the metric functions will be commutable. Also,
due to Eq.(4) and Eq.(5), we can write
(−g(yˆ))
1
2
,µ = −
1
6
(Rµk − 2R0µ0k)yˆ
k := Γµ(yˆ), (27)
Considering the commutators of the metric functions and
Eq.(26), we have
δ,yˆk(xˆ, yˆ) = −δ,xˆk(xˆ, yˆ). (28)
Our calculations conclude that:
(−g(y))
1
4 < y | Πk = −ı
∂
∂y
< y¯ |, (29)
4where < y¯ |= (−g(y))
1
4 < y | and as well as form the
left. Now, we introduce the following non commutative
version of the generalized momentum operator:
−→
Dˆk =
−→p k +∆k◦,
←−
Dˆk =
←−p k + ◦∆k, (30)
which operate from the right and left. By the matrix
elements:
< ¯ˆx |
−→
Dˆk | ¯ˆy >= −ıδ,xˆk(xˆ, yˆ) + ∆k◦,
< ¯ˆx |
←−
Dˆk | ¯ˆy >= ıδ,yˆk(xˆ, yˆ) + ◦∆k. (31)
Such that, the effect of which on a typical function R
which can be chosen as a function of the spinorial field
ψ, vector components vj or scalar function given by:
< ¯ˆx |
−→
Dˆk | R >= −ıR,k(xˆ) + (∆k,R)(xˆ),
< R |
←−
Dˆk | ¯ˆy >= ıR¯,k(yˆ) + (R¯,∆k)(yˆ). (32)
Where (∆k, vj)(xˆ) = ıΓ
i
kj(xˆ)vi(xˆ), (v¯i,∆k)(yˆ) =
−ıv¯i(yˆ)Γ
i
kj(yˆ), (∆k, ψ)(xˆ) = ıΓk(xˆ)ψ(xˆ), (ψ¯,∆k)(yˆ) =
ψ¯(yˆ)Γk(yˆ) and < ψ | yˆ >= ψ(yˆ). Hence, it is pos-
sible to introduce additional structure: (∆k,R)(xˆ) =
−eAk(xˆ)R(xˆ) and (R¯,∆k)(xˆ) = eR¯(xˆ)Ak(xˆ) in which
A is the vector potential. The effect of ∆k◦ or ◦∆k
vanishes for any scalar function. Also, it can be easily
shown that:
−→
Dˆk =
←−
Dˆk + ◦
←→
∆ k ◦ . (33)
where ◦
←→
∆ k◦ = − ◦∆k +∆k◦. Now, we can refer to the
Heisenberg picture. Similar to the previous section, the
advent of a non trivial operator is still inevitable, i.e.
⋄Ω =
←−
Tˆ(Λ; Ω)
−→
Tˆ(Λ; Ω)
= eı
←−
wˆ(Λ;Ω)−ı
−→
wˆ(Λ;Ω)+ 1
2
[
←−
wˆ(Λ;Ω),
−→
wˆ(Λ;Ω)], (34)
in which
−→
wˆ(Λ; Ω) = ΛΩ.
−→
Dˆ and
←−
wˆ(Λ; Ω) =
←−
Dˆ .ΛΩ. In
order to explain the latest term and for the sake of sim-
plicity, we denote ∂yˆk by ∂k (it is used exclusively for
yˆ as a middle coordinate) and have ∂
∂yˆµ
Λ = Λ,µ. So,
we can use from: [Λ,
−→
Dˆk] = ıΛ,k − (∆k,Λ), [
←−
Dˆk,Λ] =
−ıΛ,k − (Λ,∆k), and
[
←−
Dˆi,
−→
Dˆj ] =
[−pi + ◦∆i, pj +∆j◦] = ı∆j,i ◦+ı ◦∆i,j , (35)
to calculate
[
←−
wˆ(Λ; Ω),
−→
wˆ(Λ; Ω)] =
←−
Dˆi[Λ
i
Ω,Λ
j
Ω]⋆
−→
Dˆj + [
←−
Dˆi,Λ
j
Ω]Λ
i
Ω
−→
Dˆj + Λ
j
Ω
←−
Dˆi[Λ
i
Ω,
−→
Dˆj ]
+ΛjΩ[
←−
Dˆi,
−→
Dˆj ]Λ
i
Ω.
(36)
Thus, only the
←−
Dˆi[Λ
i
Ω,Λ
j
Ω]⋆
−→
Dˆj term of Eq.(34) can con-
tribute to the non commutativity and we can easily verify
that the other terms contain no the effect of non com-
mutativity. Eq.(34) must be satisfied by Moyal-Weyl
mapping, in order to achieve the non commutativity of
Minkowski space time. We are now ready to develop the
Moyal-Weyl mapping. However, only one of the sentences
that appear in Eq.(34) plays a role in the star product.
Substituting the unit operator in Eq.(34), the extended
product; ⋆ext (referred to ⋄Ω(θ)) becomes:
⋆ext = e
limΩ→0
∫
Ω
∫
Ω
dnxˆ dnzˆ |¯ˆx>Qˆ(xˆ,zˆ)<¯ˆz|, (37)
up to terms of order θ. Where,
Qˆ(xˆ, zˆ)
=
1
2
∫
Ω
dnyˆ
←−
Dˆi(xˆ, yˆ)[Λ
i(yˆ),Λj(yˆ)]⋆
−→
Dˆj(yˆ, zˆ), (38)
where,
←−
Dˆi(xˆ, yˆ) and
−→
Dˆj(yˆ, zˆ) are given by Eqs.(30) and
(31). The integration of Eq.(37) can be removed by
restoring the transition’s information and we must be
careful to doing this. So that Eq.(37) becomes:
⋆ext = e
1
2
←−
Dˆi[Λ
i,Λj ]⋆
−→
Dˆj . (39)
LOCALITY
Due to the principles of general relativity, special rel-
ativity is possible on tangent space time. So, up to the
first order of the Riemann curvature tensors, one finds
ωij(yˆ)→ θij + θ˜ij(yˆ), (40)
where, θ is a constant part and θ˜(yˆ) is a coordinate
dependent part of non commutativity. The second
term includes the first order of the Riemann curvature
tensors[12, 13, 15]. There is a homomorphism of local
pseudo Riemann manifolds with Minkowski space time;
so, we can employ Eq.(1). Also, in the case study,
[yˆi, yˆj]⋆ = ıθ
ij , (41)
that is θ0µ = 0. Therefore, Eq.(34) becomes,
←−
Tˆ(Λ; Ω)
−→
Tˆ †(Λ; Ω) |[yˆi,yˆj]⋆=ıθij
Now, we can again set: Λi = yˆi and Ω as a neighbor of the
origin is substituted in Eq.(38), the Moyal-Weyl mapping
becomes available on other than Minkowski space time:
A(yˆ)B(yˆ) = A(y) eQˆ B(y), (42)
Qˆ is given by Eq.(38) or Eq.(39). According to Eq.(41),
the generalized Moyal-Weyl mapping will be:
⋆ext = e
ı
2
←−
Dˆiθ
ij
−→
Dˆj . (43)
5Hence, in the presence of the electromagnetic fields; Aµ
and in the Minkowski space time, we have
[yˆi, yˆj ]⋆ = +ıθ
ij +
e
2
θikAkyˆ
j +
e
2
θkj yˆiAk. (44)
This paper summarized the principle of the above cou-
pling. Now, our calculations give us:
[yˆi, yˆj ]⋆ = +ıθ
ij − ıθik Γjklyˆ
l − ıyˆlΓilkθ
kj . (45)
for the vectors and so for the spinorial fields:
φ¯(yˆ)e
ı
2
(ı
←−
∂ i−ıΓi)θ
ij(−ı
−→
∂ j+ıΓj)ψ(yˆ) =
ı
2
φ¯,iθ
ijψ,j −
ı
2
φ¯,iθ
ijΓjψ −
ı
2
φ¯Γiθ
ijψ,j . (46)
This result gives new product for the spinorial functions:
⋆
spinors
ext = e
ı
2
←−
∂ i θ
ij −→∂ j−
ı
2
←−
1 Γµµ iθ
ij−→∂ j−
ı
2
←−
∂ iθ
ijΓµµj
−→
1 .
(47)
Interestingly,
⋆scalarsext = ⋆initial. (48)
According to the condition: (UV);k = U;kV+UV;k, we
mention that the extended product will be an associative
product.
CONCLUSION
At the level of quantum mechanics, we have found a
way to generalize coordinate non commutativity to a gen-
eral space time other than the Minkowski space time. For
the case of Eq.(41), we made the local operators which
were arrange-ordered and satisfied the commutation re-
lation of Eq.(9). The translation information was en-
trusted into the range of integration, by substituting the
unit operator in the second class of translators. Also,
we showed that the new operator (named ” ⋄ ”) can be
made by employing the evolution operator (in the Heisen-
berg picture), homomorphism of local pseudo Riemann
manifolds with Minkowski space time and the assump-
tion of Eq.(41). ” ⋄ ” enabled us to generalize coordinate
non commutativity for a more general space time. It
can be seen that obtained coordinates non commutativ-
ity: [yˆi, yˆj]⋆ext = +ıθ
ij − ıθik Γjkl yˆ
l − ıyˆlΓilkθ
kj will be a
mixture of the canonical and Quadratic formalisms. Fur-
ther, we have generalized the Moyal-Weyl mapping to
Eq.(42) which consists of the manifold structures. We
also showed that the obtained new product is an associa-
tive product.
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